The classical Kloosterman sums give rise to a Galois representation of the function field unramfied outside 0 and ∞. We study the local monodromy of this representation at ∞ using l-adic method based on the work of Deligne and Katz. As an application, we determine the degrees and the bad factors of the L-functions of the symmetric products of the above representation. Our results generalize some results of Robba obtained through p-adic method.
Then for any positive integer m, we have Kl n (F q mdeg(λ) , λ) = (−1) n−1 (π 1 (λ) m + · · · + π n (λ) m ).
We have a family of L-functions L(λ, T ) parameterized by the parameter λ. Let |G m | be the set of Zariski closed points in G m = P 1 − {0, ∞}. This is the parameter space for λ. For a positive integer k, the L-function for the k-th symmetric product of the Kloosterman sums is defined by
This is well known to be a rational function in T . A basic interesting problem is to understand this sequence of L-functions parameterized by the arithmetic parameter k and its variation with k, from both complex as well as p-adic point of view. There is still a long way to go toward a satisfactory answer of this basic question.
In [R] , Robba studied the L-function L(G m , Sym k (Kl 2 ), T ) in the special case n = 2 using Dwork's p-adic methods. He conjectured a degree formula, obtained the functional equation and the bad factors of the L-function L(G m , Sym k (Kl 2 ), T ). On the other hand, Kloosterman sums have also been studied in great depth by Deligne and Katz using l-adic methods. The purpose of this paper is to use their fundamental results to derive as much arithmetic information as we can about this sequence of L-functions L(G m , Sym k (Kl n ), T ) for n > 1 not divisible by p. We have Theorem 0.1. Suppose (n, p) = 1. Let ζ be a primitive n-th root of unity in F. For a positive integer k, let d k (n, p) denote the number of n-tuples (j 0 , j 1 , . . . , j n−1 ) of non-negative integers satisfying j 0 + j 1 + · · · + j n−1 = k and j 0 + j 1 ζ + · · · + j n−1 ζ n−1 = 0 in F. Then, the degree of the rational function L(G m , Sym k (Kl n ), T ) is
Note that in most cases, the L-function L(G m , Sym k (Kl n ), T ) is a polynomial, not just a rational function. This is the case for instance if pn is odd or n = 2. This follows from Katz's global monodromy theorem for the Kloosterman sheaf. Recall that the Kloosterman sheaf is a lisse Q l -sheaf Kl n on G m such that for any x ∈ G m (F q k ) = F * q k , we have Tr(F x , Kl n,x ) = (−1) n−1 Kl n (F q k , x),
where F x is the geometric Frobenius element at the point x. For any Zariski closed point λ in G m , let π 1 (λ), . . . , π n (λ) be all the eigenvalues of the geometric Frobenius element F λ on Kl n,λ . Then
Kl n (F q mdeg(λ) We have
Therefore the L-function for the k-th symmetric product of the Kloosterman sums
is nothing but the Grothendieck L-function of the k-th symmetric product of the Kloosterman sheaf:
The Kloosterman sheaf ramifies at the two points {0, ∞}. We would like to determine the bad factors of the L-function L(G m , Sym k (Kl n ), T ) at the two ramified points. Assume n|(q − 1). Then we can explicitly determine the bad factor at ∞. The key is to determine the local monodromy of the Kloosterman sheaf at ∞, that is, to determine Kl n as a representation of the decomposition group at ∞. However, the bad factor at 0 seems complicated to determine for general n. In the case n = 2, it is easy. Thus, we have the following complete result for n = 2, which is the conjectural Theorem B in [R] . (Our notations are different from those in Robba).
Theorem 0.2. Suppose n = 2, q = p, and p is an odd prime. Then L(G m , Sym k (Kl 2 ), T ) is a polynomial. Its degree is
where
if 4 |k,
, and M k is a polynomial satisfying the functional equation
where c is a nonzero constant (depending on k) and δ = degM k .
Note that the slightly different formula for n k in the conjectural Theorem B of [R] is incorrect.
Remark. It would be very interesting to determine the p-adic Newton polygon of the polynomial
. This is expected to be a difficult problem. A weak but already non-trivial version is to
give an explict quadratic lower bound for the p-adic Newton polygon of M k (T ), which is uniform in k. Such a uniform quadratic lower bound is known [W1] in the geometric case of the universal family of elliptic curves over F p , where the analogue of M k (T ) is essentially the Hecke polynomial of the U p -operator acting on the space of weight k + 2 cusp forms.
More generally, for any fixed n, the sequence of
continuous in k as a formal power series in T with p-adic coefficients. For any p-adic integer s ∈ Z p , let k i be an infinite sequence of strictly increasing positive integers which converge p-adically to s.
Then, the limit
exists as a formal power series in T with p-adic integral coefficients. It is independent of the choice of the sequence k i we choose. This power series is closely related to Dwork's unit root zeta function. It is shown in [W2] that for any p-adic integer s, the L-function L(n; s, T ) is the Lfunction of some infinite rank nuclear overconvergent σ-module over G m . In particular, L(n; s, T )
is p-adic meromorphic in T . It would be very interesting to understand the slopes of the zeros and poles of these p-adic meromorphic L-functions. Some explicit partial results are obtained in [W2] .
This paper is organized as follows. In §1, we study the local monodromy of the Kloosterman sheaf at ∞. The main result is Theorem 1.1 which determines Kl n as a representation of the decomposition subgroup at ∞. In §2, we calculate the bad factors at ∞ of the L-functions of the symmetric products of the Kloosterman sheaf. Using these results, we can then complete the proof of Theorem 1.1. In §3, we calculate the degrees of the L-functions of the symmetric products of the Kloosterman sheaf. In particular, Theorem 0.1 is proved and some examples are given. Finally in §4, we study the special case n = 2 and prove Theorem 0.2.
Acknowledgements. 
Local Monodromy at ∞
In [D1] , Deligne constructs a lisse Q l -sheaf Kl n on G m = P 1 − {0, ∞}, which we call the Kloosterman sheaf. It is lisse of rank n, puncturely pure of weight n − 1, tamely ramified at 0, totally wild at ∞ with Swan conductor 1, and for any
where F x is the geometric Frobenius elements at the point x. Since Kl n is a lisse sheaf on G m , it corresponds to a galois representation of the function field F q (t) of G m . In this section, we give a detailed study of Kl n as a representation of the decomposition subgroup at ∞. This result will then be used to study L-functions of symmetric products of Kl n .
Before stating the main theorem of this section, let's introduce some notations. Fix an algebraic closure of F q (t) of F q (t). Let x be an element in F q (t) satisfying x q − x = t. Then F q (t, x) is galois over F q (t). We have a canonical isomorphism
which sends each a ∈ F q to the element in Gal(F q (t, x)/F q (t)) defined by x → x + a. For the additive character ψ :
It is unramfied outside ∞, and totally wild at ∞ with Swan conductor 1. This galois representation defines a lisse Q l -sheaf on A 1 = P 1 − {∞} which we still denote by L ψ .
Let µ m = {µ ∈ F|µ m = 1} be the subgroup of F * consisting of m-th roots of unity. Suppose
which sends each µ ∈ µ m to the element in Gal(F q (t, y)/F q (t)) defined by y → µy. For any
It is unramified outside 0 and ∞, and tamely ramified at 0 and ∞. This galois representation defines a lisse Q l -sheaf on G m which we still denote by L χ .
Let θ : Gal(F/F q ) → Q * l be a character of the galois group of the finite field. Denote by L θ the galois representation
It is unramified everywhere, and hence defines a lisse Q l -sheaf on P 1 which we still denote by L θ .
Finally let Q l 1−n 2 be the sheaf on SpecF q corresponding to the galois representation of Gal(F/F q ) which maps the geometric Frobenius to q n−1 2 . For any scheme over F q , the inverse
on this scheme is also denoted by the same notation.
Now we are ready to state the main theorem of this section.
Theorem 1.1. Suppose n|(q − 1). As a representation of the decomposition subgroup D ∞ at ∞,
χ is trivial if n is odd, and χ is the (unique) nontrivial character
if n is even, and θ : Gal(F/F q ) → Q * l is a character of Gal(F/F q ) with the following properties:
(1) If n is odd, then θ is trivial.
(2) If n is even, then θ 2 can be described as follows: Let ζ be a primitive n-th roots of unity in
For even n, the above description of θ 2 shows that θ 2 = 1 if n ≡ 0 (mod 4). If n ≡ 2 (mod 4) and 4|(q − 1), then since n|(q − 1), we must have 2n|(q − 1). So ( √ ζ) q−1 = ζ q−1 2 = 1 and hence √ ζ ∈ F q . So θ 2 = 1 if n ≡ 2 (mod 4) and 4|(q − 1). In the remaining case that n ≡ 2 (mod 4) and 4 |(q − 1), we have √ ζ ∈ F q and θ 2 is a primitive quadratic character. We don't know how to determine θ itself completely in the case where n is even.
Throughout this section, we assume n|(q − 1). Then the group µ n = {µ ∈ F|µ n = 1} of n-th roots of unity in F is contained in F q . Fix an algebraic closure F q (t) of F q (t). The aim of this section is to determine as much as possible Kl n as a representation of the decomposition subgroup
Our starting point is the following result of Katz: Lemma 1.2. As a representation of the wild inertia subgroup P ∞ at ∞, the Kloosterman sheaf
Proof. This follows from Propositions 10.1 and 5.6.2 in [K] .
Lemma 1.3. Let G be a group, H a subgroup of G with finite index, and ρ : H → GL(V ) a representation. Suppose H is normal in G. For any g ∈ G, let ρ g be the composition
where adj g (h) = g −1 hg. Then the isomorphic class of the representation ρ g depends only on the image of g in G/H, and
Proof. This is a special case of Proposition 22 on Page 58 of [S] .
where ψ nµ is the additive character ψ nµ (x) = ψ(nµx).
Proof. Let y, z be elements in F q (t) satisfying y n = t and z q − z = y. Note that F q (z) and F q (y) are galois extensions of 
where ρ gµ is the composition
One can verify that we have a commutative diagram
where the vertical arrows are the canonical isomorphism
This proves the lemma.
Before stating the next lemma, let us introduce some notations. Let η ∞ be the generic point of the henselization of P 1 at ∞ and let η ∞ be a geometric point located at η ∞ . Fix an embedding Lemma 1.5. As a representation of the decomposition subgroup D ∞ at ∞, the Kloosterman sheaf Kl n is isomorphic to [n] * (L ψn ⊗ φ) for some tamely ramified one dimensional representation
Proof. Let V be the stalk of the Kloosterman sheaf Kl n at η ∞ . Then D ∞ acts on V . Since the Swan conductor of Kl n at ∞ is 1, V is irreducible as a representation of the inertia group I ∞ and hence irreducible as a representation of D ∞ . Since n is relatively prime to p, the morphism
→ P ∞ on the wild inertia subgroup P ∞ . By Lemma 1.2, V has a one-dimensional subspace L, stable under the action of P ∞ , and isomorphic to L ψn as a representation of P ∞ . By Lemma 1.4, the restriction of
be the subgroup of D ∞ consisting of those elements leaving L stable. Then by Proposition 24 on page 61 of [S] , V is isomorphic to Ind
It defines a finite extension of degree n over the residue field on page 58 of [S] . This contradicts to the fact that V is irreducible as a representation of I ∞ .
These facts imply that the above finite extension is just [n] :
Composing with the isomorphism [n] * :
Lemma 1.6. Keep the notation of Lemma 1.5. As a representation of the inertia subgroup I ∞ , φ is isomorphic to L χ , where χ is trivial if n is odd, and χ is the unique nontrivial character
Proof. First recall that making the base extension from F q to F has no effect on the inertia subgroup I ∞ . So we can work over the base F. By the Appendix of [ST] , the representation
l is quasi-unipotent when restricted to I ∞ , and hence has finite order when restricted to I ∞ (since the representation is one-dimensional). Since φ is tamely ramified, there exists a positive integer m relatively prime to p so that as a representation of I ∞ , φ is isomorphic to the restriction to I ∞ of the galois representation
Let us calculate det([n] * (L ψn ⊗L χ )). Let y, z, w be elements in F(t) satisfying y n = t, z q −z = y, and w m = y. Then F(z, w) and F(y) are galois extensions of F(t).
and H = Gal(F(z, w)/F(y)). Then H is normal in G, and we have canonical isomorphisms
We have an isomorphism
ζ is a primitive mn-th root of unity). Let g be the element in
Then the image of g in G/H is a generator of the cyclic group G/H. So G is generated by g (a,µ) ∈ H ((a, µ) ∈ F q × µ m ) and g. By Lemma 1.3, we have
where ω g i is the composition
One can verify that
One can verify
) as a representation of I ∞ . By [K] 7.4.3, det(Kl n ) is geometrically constant. On the other hand, as representations of I ∞ , we have
Since ζ is a primitive n-th root of unity, (
−n is a primitive m-th root of unity. This implies that the order m of χ is at most 2. If n is odd, the relation χ((
implies that the order m of χ is exactly 2. This finishes the proof of the lemma. Lemma 1.7. As a representation of D ∞ , the Kloosterman sheaf Kl n is isomorphic to
where χ is trivial if n is odd, and χ is the nontrivial character χ : µ 2 → Q * l if n is even, and
Proof. By Lemma 1.5, as a representation of
Lemma 1.8. Keep the notation in Lemma 1.7. The character θ : Gal(F/F q ) → Q * l has the following properties:
(1) If n is odd, then θ n is trivial.
where χ : µ 2 → Q * l is the nontrivial character on µ 2 .
(3) If n is odd and p = 2, then θ is trivial.
Proof. Suppose n is odd. By Lemma 1.
as a representation of D ∞ . Using the same method as in the proof of Lemma 1.6 (but working over
. So θ n is trivial. This proves (1).
Suppose n is even. In this case,
as a representation of D ∞ , where χ is the nontrivial character χ : µ 2 → Q * l . By [K] 4.1.11 and 4.2.1, there exists a perfect skew-symmetric pairing Kl n × Kl n → Q l (1 − n), and any such pairing invariant under the action of I ∞ coincides with this one up to a scalar. So the I ∞ -coinvariant
a semisimple representation of I ∞ since it has finite monodromy. So the canonical homomorphism
is an isomorphism. We will show that as a representation of Gal(F/F q ), (
This will prove (2).
Let ζ be a primitive n-th root of unity in F q . Fix a square root √ ζ of ζ in F. Let y, z, w be elements in F q (t) satisfying y n = t, z q − z = y, and w 2 = y. Then F q (z, w, √ ζ) and F q (y) are
Then H is normal in G, and we have canonical isomorphisms
Consider the case where √ ζ does not lie in F q . We then have an isomorphism
, and we have an isomorphism
z + a and g (a,µ ′ ) (w) = µ ′ w. All the following argument works for this case with slight modification.
We leave to the reader to treat this case.) Let ω : H → Q * l be the character defined by
is just the composition of Ind G H (ω) with the canonical homomorphism
Then the image of g in G/H is a generator of the cyclic group G/H. So G is generated by g (a,µ ′ ,µ ′′ ) ∈ H ((a, µ ′ , µ ′′ ) ∈ F q × µ 2 × µ 2 ) and g.
By Lemma 1.3, we have
Let V be the stalk of [n] * (L ψn ⊗ L χ ) at the geometric point η ∞ . The above calculation shows that there exists a basis {e 0 , . . . , e n−1 } of V such that ge 0 = e 1 , ge 1 = e 2 , . . . , ge n−2 = e n−1 , and for
One can verify g n = g (0,(
Consider the element n 2 −1 i=0 e i ∧ e i+ n 2 ∈ 2 V . We have g(e 0 ∧ e n 2 + · · · + e n 2 −1 ∧ e n−1 ) = e 1 ∧ e 1+ n 2 + · · · + e n 2 −1 ∧ e n−1 + e n 2 ∧ g n e 0 = e 0 ∧ e n 2 + · · · + e n 2 −1 ∧ e n−1 and
since ζ n 2 = −1 and χ is of order 2. In particular, g and g (a,µ ′ ,1) act trivially on
spans ( 2 V ) I∞ as the latter space is one dimensional. On the other hand, for any µ ′′ ∈ µ 2 , we have
This finishes the proof of (2).
Finally suppose n is odd and p = 2. Then Kl
as a representation of D ∞ . By [K] 4.1.11 and 4.2.1, there exists a perfect symmetric pairing Kl n × Kl n → Q l (1 − n), and any such pairing invariant under the action of I ∞ coincides with this one up to a scalar. So the I ∞ -coinvariant space (Sym
is a semisimple representation of I ∞ since it has finite monodromy. So the canonical homomorphism θ n is also trivial. So θ must be trivial. This finishes the proof of (3).
The bad factors of the L-functions of symmetric products
Let ζ be a primitive n-th root of unity in F. For each positive integer k, let S k (n, p) be the set of n-tuples (j 0 , · · · , j n−1 ) of non-negative integers satisfying j 0 + j 1 + · · · + j n−1 = k and
It is clear that the set S k (n, p) is σ-stable.
Let V be a Q l -vector space of dimension n with basis {e 0 , · · · , e n−1 }. For an n-tuple j = (j 0 , · · · , j n−1 ) of non-negative integers such that j 0 + · · · + j n−1 = k, write as an element of Sym k V . For such an n-tuple j, we define
This is an element of Sym
and hence the subspace spanned v j depends only on the σ-orbit of j. Let a k (n, p) be the number
such that the subspace spanned by the orbit is not zero.
Lemma 2.1. Suppose (n, p) = 1. We have
if n is even and k is odd, b k (n, p) if n and k are both even.
Proof. Since (n, p) = 1 and the inertia subgroup I ∞ does not change if we make base change from F q to its finite extensions, we may assume that n|(q − 1).
We use the notations in the proof of Lemma 1.6. Recall that we have m = 1 if n is odd, and m = 2 if n is even. Let β m be a primitive m-th root of unity in Q. Thus β m = 1 if n is odd, and
There exists a basis {e 0 , . . . , e n−1 } of V such that ge 0 = e 1 , ge 1 = e 2 , . . . , ge n−2 = e n−1 , ge n−1 = β m e 0 , and for any g (a,µ) ∈ H ((a, µ) ∈ F q × µ m ), we have
A basis for Sym k V is {e From g(v) = v, we get
If n is even and k is odd, then β The g-invariant subspace (Sym k V ) g is thus spanned by the vectors v j with |j| = k, where j runs only over σ-orbits. On the other hand, one computes that
for all a ∈ F q . Since g (a,1) (v) = v, if a j is non-zero, then we must have j 0 + j 1 ζ + · · ·+ j n−1 ζ n−1 = 0 in F, that is, j ∈ S k (n, p). Thus, we have proved that the inertia invariant (Sym k V ) I∞ is spanned by the vectors v j where j runs over the σ-orbits of S k (n, p).
If n is odd, then β m = 1 and each v j is non-zero. As j runs over the σ-orbits of S k (n, p), the vectors v j are clearly independent. We thus have dim(Sym
If both n and k are even, then β m = −1. In this case, some of the vectors v j can be zero. The remaining non-zeros vectors v j , as j runs over the σ-orbits of S k (n, p), will be linearly independent.
We thus have dim(Sym
The lemma is proved.
Lemma 2.2. Suppose p is odd and either n is odd or n = 2. Let j :
polynomials. All the reciprocal roots of the polynomial L(P 1 , j * (Sym k (Kl n )), T ) have weight
Proof. By Grothendieck's formula for L-functions, we have
Under our conditions on p and n, the global monodromy group of Kl n is SL(n) by [K] 11.1. In particular Sym k (Kl n ) is irreducible as a representation of the geometric fundamental group π 1 (G m ⊗F)
and hence
) is a polynomial. Since Kl n is a lisse sheaf on G m puncturely pure of weight n−1, all the reciprocal roots of the polynomial det(1−F T,
Let's prove it has coefficients in Z. For any a ∈ F * p , let σ a denote the element of Gal(
, where ξ p = 1 is a p-th root of unity in Q. Using the definition of Kloosterman sums, one checks that
and thus
Recall from the Introduction that
Then, we deduce
The right side is clearly the same as L(G m , Sym k (Kl n ), T ). The lemma is proved.
Proposition 2.3. Let F 0 be the geometric Frobenius element at 0 and I 0 the inertia subgroup at 0. The reciprocal roots of the polynomial det(1 − F 0 T, (Sym k (Kl n )) I0 ) are of the form q i , where
) is a polynomial in integer coefficients of weights at most k(n − 1). In the case n = 2, we have
Proof. By [K] 7.3.2 (3) and [D2] 1.8.1, the eigenvalues of F 0 acting on Sym k (Kl n )) I0 are of the form q i with 0 ≤ i ≤ k(n − 1)/2. This proves the first part of the Proposition.
By [K] 7.4.3, the local monodromy at 0 of Kl n is unipotent with a single Jordan block, and F 0 acts trivially on (Kl n ) I0 . If n = 2, using this fact, one can show the local monodromy at 0 of Sym k (Kl 2 ) has the same property. Proposition 2.3 follows.
Remark. We do not know a precise formula for det(1
Lemma 2.4. Keep the notation in Lemma 1.7. Suppose pn is odd. Then θ is trivial.
Proof. Take a positive integer k such that (k, n) = 1 and such that S k (n, p) is non-empty. For instance, we can take k = n + mp for any positive integer m prime to n. (Recall that we always
where F ∞ is the geometric Frobenius element at ∞. Since n is odd, by Lemmas 1.7 and 1.8, we
Using the calculation in Lemmas 1.8 and 2.1, one can verify F ∞ acts trivially on (Sym
Let λ = θ(F ∞ ). Then λ n = 1 by Lemma 1.8 (1), and
So we have
with weight at most k(n − 1) is given by
It must have coefficients in Z. The first factor also has coefficients in Z. Working with the coefficients of T , we see that λ k q k(n−1) 2 must be an integer. Since λ n = 1, we must have λ k = ±1.
As (k, n) = 1 and n is odd, we must have λ = 1. So θ is trivial.
Now Theorem 1.1 in Section 1 follows from Lemmas 1.7, 1.8, and 2.4.
In the following, we calculate the bad factors at ∞ of the L-function of the k-th symmetric product of Kl n .
Theorem 2.5. Suppose n|(q − 1). Let F ∞ be the geometric Frobenius element at ∞.
(1) If n is odd, then for all k, we have
(2) If n is even and k is odd, then we have
(3) Suppose n and k are both even. We have
if 2n |(q − 1), 4 |n and 4 |k.
where c k (n, p) denotes the number of σ-orbits j in S k (n, p) such that v j = 0 and such that
Proof. By Lemmas 1.7 and 1.8, we have
Suppose n is odd. Then χ and θ are trivial. One can verify F ∞ acts trivially on (Sym
(1) then follows from Lemma 2.1.
Suppose n is even and k is odd. Then (Sym k (Kl n )) I∞ = 0 by Lemma 2.1. (2) follows.
Suppose n and k are even. If 2n|(q − 1), then ( √ ζ) q−1 = ζ q−1 2 = 1 and hence √ ζ ∈ F q . In this case, one verifies that θ is trivial and F ∞ acts trivially on (Sym
I∞ . The first case of (3) then follows from Lemma 2.1. Suppose 2n |(q − 1), then √ ζ ∈ F q . We use the notation in the proof of Lemma 1.8. Note that g (0,1,−1) is a lifting of the geometric Frobenius element in
I∞ is generated by the vectors
where j runs over the σ-orbits of S k (n, p). One checks that
We have
But n and k are even. So we have
So v j is an eigenvector of F ∞ on (Sym k V ) I∞ with eigenvalue (−1) j1+2j2+···+(n−1)jn−1 . On the other hand, we have θ k (F ∞ ) = 1 if either 4|n or 4|k, and θ k (F ∞ ) = −1 if 4 |n and 4 |k. The last two cases of (3) follows.
The degrees of the L-functions of symmetric products
Let ζ be a primitive n-th root of unity in F and let k be a positive integer. Denote by d k (n, p) the number of the set S k (n, p), that is, the number of n-tuples (j 0 , j 1 , . . . , j n−1 ) of non-negative integers satisfying j 0 + j 1 + · · · + j n−1 = k and j 0 + j 1 ζ + · · · + j n−1 ζ n−1 = 0 in F. In this section, we prove the following result, which is Theorem 0.1 in the Introduction:
and its degree is the negative of the Euler characteristics
To calculate the Euler characteristic, we may replace the ground field F q by its finite extensions.
So we may assume n|(q − 1). Then ζ lies in F q . By Lemmas 1.2 and 1.
as a representation of the wild inertia subgroup P ∞ at ∞, where for any a ∈ F q , ψ a is the additive character ψ a (x) = ψ(ax). So we have 
This number is exactly
also tame at 0, and hence its Swan conductor at 0 vanishes. By the Grothendieck-Ogg-Shafarevich formula, −χ(G m , Sym k (Kl n )) is equal to the sum of the Swan conductors of Sym k (Kl n ) at 0 and at ∞. Theorem 3.1 follows.
In some special cases, an explicit formula for the degree of L(G m , Sym k (Kl n ), T ) can be obtained. The following is one example.
Corollary 3.2. Suppose n is a prime number different from p such that p is a primitive (n − 1)-th root of unity mod n. Let { k n } be the smallest non-negative integer so that its image in
Since ζ has order n, we must have
On the other hand, since p is a primitive (n − 1)-th root of unity mod n, n − 1 is the smallest natural number with the property p n−1 = 1 in Z/n, that is, n|p n−1 − 1. So we have
F p ] = n − 1 and 1 + X + · · · + X n−1 is the minimal polynomial of ζ over F p . Therefore, if j 0 + j 1 ζ + · · · + j n−1 ζ n−1 = 0 in F for some integers j 0 , j 1 , . . . , j n−1 , then we must have
Let us determine the number d k (n, p) of n-tuples (j 0 , j 1 , . . . , j n−1 ) of non-negative integers with the property j 0 +j 1 +· · ·+j n−1 = k and j 0 +j 1 ζ +· · ·+j n−1 ζ n−1 = 0 in F. By the above discussion, the second equation implies that j 0 ≡ j 1 ≡ · · · ≡ j n−1 (mod p). Substituting this into the first equation, we get that
.
Thus we have
The corollary then follows from Theorem 3.1.
An example
In this section, we prove Theorem 0.2 in the Introduction. Throughout this section, we assume that n = 2, q = p and p is an odd prime.
Proof. Note that −1 is a primitive square root. Let's determine the number d k (2, p) of pairs (j 0 , j 1 ) of non-negative integers satisfying j 0 + j 1 = k and j 0 − j 1 = 0 in F, or equivalently,
This is equivalent to the problem of determining the number of those integers 0 ≤ j 0 ≤ k with the property 2j 0 ≡ k (mod p).
Since p is an odd prime, the inverse of 2 in F p is p+1 2 , and hence the above equation is equivalent to the equation j 0 ≡ k(p + 1) 2 (mod p).
So we are reduced to determining the number of those integers j with the property
that is,
or equivalently,
When k is even, the number of those integers j satisfying
is 2[ 
